Abstract. We study relations among the classical thetanulls of cyclic curves, namely curves X (of genus g(X ) > 1 ) with an automorphism σ such that σ generates a normal subgroup of the group G of automorphisms, and g (X / σ ) = 0. Relations between thetanulls and branch points of the projection are the object of much classical work, especially for hyperelliptic curves, and of recent work, in the cyclic case. We determine the curves of genus 2 and 3 in the locus Mg (G, C) for all G that have a normal subgroup σ as above, and all possible signatures C, via relations among their thetanulls.
Introduction
In this paper we consider cyclic algebraic curves, over the complex numbers. These are by definition compact Riemann surfaces X of genus g > 1 (unless we allow singular points, as noted below, so as not attach unnecessary qualifications to a definition or statement), admitting an automorphism σ such that X /σ ∼ = P 1 and σ generates a normal subgroup of the automorphism group Aut(X ) of X . When the curve is hyperelliptic, we insist that the curve have "extra automorphisms", in particular σ is not the hyperelliptic involution. Note that the condition implies to having an equation y n = f (x) for the curve, where x is an affine coordinate on P 1 , σ has order n, and 1, y, σy, ..., σ n−1 y is a basis of C(X )/C(x). Naturally, the branch points of π : X → P 1 , together with the signature C of the cover (its monodromy up to conjugation) provide algebraic coordinates for the curve in moduli, though the same curve could be represented in different ways. The problem of expressing these algebraic data in terms of the transcendental (period matrix, thetanulls, e.g.) is classical. We use below formulas for genus-2 curves due to Rosenhein and Picard, Thomae's formulas for hyperelliptic curves, and a recent generalization of the latter for cyclic curves with s ∼ = C 3 , where we denote by C n the cyclic group of order n, due to Nakayashiki [8] ; several other authors recently obtained partial generalizations to cyclic curves also. We do not aim here at a complete account of the classical or contemporary work on these problems. Cyclic curves are rare in the moduli space M g of smooth curves, and it is desirable to characterize their locus, by algebraic conditions on the equation of the curve, or by analytic conditions on its Abelian coordinates, in other words, theta functions, and better yet, by both. We achieve this for genera 2 and 3, making
Preliminaries
In this section we give a brief description of the basic setup. All of this material can be found in any standard book on theta functions.
Let X be a genus g ≥ 2 algebraic curve. We choose a symplectic homology basis for X , say {A 1 , . . . , A g , B 1 , . . . , B g }, such that the intersection products A i · A j = B i · B j = 0 and A i · B j = δ ij , where δ ij is the Kronecker delta. We choose a basis {w i } for the space of holomorphic 1-forms such that Ai w j = δ ij . The matrix Ω = Bi w j is the period matrix of X . The columns of the matrix [I |Ω] form a lattice L in C g and the Jacobian of X is Jac (X ) = C g /L. Let H g be the Siegel upper-half space. Then Ω ∈ H g and there is an injection M g ֒→ H g /Sp 2g (Z) =: A g where Sp 2g (Z) is the symplectic group. For any z ∈ C g and τ ∈ H g Riemann's theta function is defined as
where u and z are g−dimensional column vectors and the products involved in the formula are matrix products. The fact that the imaginary part of τ is positive makes the series absolutely convergent over any compact sets. Therefore, the function is analytic. The theta function is holomorphic on C g × H g and satisfies
where u ∈ Z g ; see [6] for details. Any point e ∈ Jac (X ) can be written uniquely
We shall use the notation [e] = a b for the characteristic of e. For any a, b ∈ Q g , the theta function with rational characteristics is defined as
When the entries of column vectors a and b are from the set {0, 
we define e * (γ) = (−1)
We say that γ is an even (resp. odd) characteristic if e * (γ) = 1 (resp. e * (γ) = −1). For any curve of genus g, there are 2 g−1 (2 g + 1) (respectively 2 g−1 (2 g − 1) ) even theta functions (respectively odd theta functions). Let a be another half integer characteristic. We define m a as follows.
where t i ≡ (m i + a i ) mod 2 and t
For the rest of this section we consider only characteristics 1 2 q in which each of the elements q i , q ′ i is either 0 or 1. We use the following abbreviations
The set of all half integer characteristics forms a group Γ which has 2 2g elements. We say that two half integer characteristics m and a are syzygetic (resp., azygetic) if |m, a| ≡ 0 mod 2 (resp., |m, a| ≡ 1 mod 2) and three half integer characteristics m, a, and b are syzygetic if |m, a, b| ≡ 0 mod 2.
A Göpel group G is a group of 2 r half integer characteristics where r ≤ g such that every two characteristics are syzygetic. The elements of the group G are formed by the sums of r fundamental characteristics; see [4, pg. 489 
If G is a Göpel group with 2 r elements, then it has 2 2g−r cosets. The cosets are called Göpel systems and denoted by aG, a ∈ Γ. Any three characteristics of a Göpel system are syzygetic. We can find a set of characteristics called a basis of the Göpel system which derives all its 2 r characteristics by taking only the combinations of any odd number of characteristics of the basis.
Lemma 2. Let g ≥ 1 be a fixed integer, r be as defined above and σ = g − r.
Then there are 2 σ−1 (2 σ + 1) Göpel systems which consist of even characteristics only and there are 2 σ−1 (2 σ − 1) Göpel systems which consist of odd characteristics. The other 2 2σ (2 r − 1) Göpel systems consist as many odd characteristics as even characteristics. Corollary 3. When r = g we have only one (resp., 0) Göpel system which consists of even (resp., odd) characteristics. The statements given in the proposition above can be used to get identities among theta constants; see section 3.
2.1.
Cyclic curves with extra automorphisms. A normal cyclic curve is an algebraic curve X such that there exist a normal cyclic subgroup C m ⊳ Aut(X ) such that g(X /C m ) = 0. ThenḠ = G/C m embeds as a finite subgroup of P GL(2, C). An affine equation of a birational model of a cyclic curve can be given by the following
Hyperelliptic curves are cyclic curves with m = 2. Note that when 0 < d i for some i the curve is singular. A hyperelliptic curve X is a cover of order two of the projective line P 1 . Let z be the generator (the hyperelliptic involution) of the Galois group Gal(X /P 1 ). It is known that z is a normal subgroup of the automorphism group Aut(X ). Let X −→ P 1 be the degree 2 hyperelliptic projection. We can assume that infinity is a branch point. Let
be the set of other branch points. Let S = {1, 2, · · · , 2g + 1} be the index set of B and η : S −→ 1 2 Z 2g /Z 2g be a map defined as follows;
where the nonzero element of the first row appears in i th column. We define η(∞)
to be 0 · · · 0 0 0 · · · 0 0 . For any T ⊂ B, we can define the half-integer characteristic as
Let T c denote the complement of T in B. Note that η B ∈ Z 2g . If we view η T as an element of
It can be shown that the set of subsets of B is a group under △. We have the following group isomorphism
For hyperelliptic curves, it is known that 2
of the even theta constants are zero. The following theorem provides a condition on the characteristics in which theta characteristics become zero. The proof of the theorem can be found in [7, pg. 102 ]. Notice also that by parity, all odd theta constants are zero. There is a formula (so called Frobenius' theta formula) which half-integer theta characteristics for hyperelliptic curves satisfy.
where for any A ⊂ B,
A relationship between theta constants and the branch points of the hyperelliptic curve is given by Thomae's formula.
Lemma 7 (Thomae). For a non singular even half integer characteristics e corresponding to the partition of the branch points {1, 2,
See [6, pg. 128] for the description of A and [6, pg. 120] for the proof. Using Thomae's formula and Frobenius' theta identities we express the branch points of the hyperelliptic curves in terms of even theta constants.
Genus 2 curves
The automorphism group G of a genus 2 curve X in characteristic = 2 is isomor-
For a fixed G from the list above, the locus of genus 2 curves with automorphism group G is an irreducible algebraic subvariety of M 2 . Such loci can be described in terms of the Igusa invariants.
For any genus 2 curve we have six odd theta characteristics and ten even theta characteristics. The following are the sixteen theta characteristics, where the first ten are even and the last six are odd. For simplicity, we denote them by θ i = a b
instead of θ i a b (z, τ ) where i = 1, . . . , 10 for the even theta functions. These identities express even theta constants in terms of four theta constants. We call them fundamental theta constants θ 1 , θ 2 , θ 3 , θ 4 . Next we find the relation between theta characteristics and branch points of a genus two curve.
Lemma 8 (Picard). Let a genus 2 curve be given by
Then, λ, µ, ν can be written as follows:
.
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Proof. There are several ways for relating λ, µ, ν to theta constants, depending on the ordering of the branch points of the curve. Let B = {ν, µ, λ, 1, 0} be the branch points of the curves in this order and U = {ν, λ, 0} be the set of odd branch points. Using Lemma 7 we have the following set of equations of theta constants and branch points.
(6)
.
Each value for (λ, µ, ν) gives isomorphic genus 2 curves. Hence, we can choose
, µ = θ This completes the proof.
One of the main goals of this paper is to describe each locus of genus 2 curves with fixed automorphism group in terms of the fundamental theta constants. We have the following Corollary 9. Every genus two curve can be written in the form: and in terms of θ 1 , . . . , θ 4 is given by
Proof. Let's write the genus 2 curve in the following form:
where λ, µ, ν are given by Eq. (5). Let α := 
we have, ii) The last part of the lemma above shows that if θ
10 then all coefficients of the genus 2 curve are given as rational functions of the 4 fundamental theta functions. Such fundamental theta functions determine the field of moduli of the given curve. Hence, the curve is defined over its field of moduli.
Corollary 11. Let X be a genus 2 curve which has an elliptic involution. Then X is defined over its field of moduli.
This was the main result of [1] .
3.1. Describing the locus of genus two curves with fixed automorphism group by theta constants. The locus L 2 of genus 2 curves X which have an elliptic involution is a closed subvariety of M 2 . Let W = {α 1 , α 2 , β 1 , β 2 , γ 1 , γ 2 } be the set of roots of the binary sextic and A and B be subsets of W such that W = A ∪ B and |A ∩ B| = 2. We define the cross ratio of the two pairs z 1 , z 2 ; z 3 , z 4 by
gives a description of L 2 in terms of the cross ratios of the elements of W.
We recall that the following identities hold for cross ratios:
Next we want to use this result to determine relations among theta functions for a genus 2 curve in the locus L 2 . Let X be any genus 2 curve given by equation
We take ∞ ∈ A ∩ B. Then there are five cases for α ∈ A ∩ B, where α is an element of the set{0, 1, a 1 , a 2 , a 3 }. For each of these cases there are three possible relationships for cross ratios as described below: i) A ∩ B = {0, ∞}: The possible cross ratios are (1, 0; ∞, a 1 ) = (a 2 , a 3 ; ∞, a 1 ) iv) A ∩ B = {a 2 , ∞}: The possible cross ratios are
The possible cross ratios are
(1, 0; ∞, a 3 ) = (a 1 , a 2 ; ∞, a 3 ) We summarize these relationships in the following table:
Cross ratio f (a 1 , a 2 , a 3 ) = 0 theta constants 
6
(a 1 , 0; ∞, a 2 ) = (1, a 3 ; ∞, a 2 ) a 1 a 2 − a 3 a 1 − a 2 + a 3 a 2 −θ 
11
(a 1 , 0; ∞, 1) = (a 3 , a 2 ; ∞, 1) However, we are unable to get a similar result for cases D 8 or D 12 by this argument. Instead, we will use the invariants of genus 2 curves and a more computational approach. In the process, we will offer a different proof of the lemma above.
Lemma 13. i) The locus L 2 of genus 2 curves X which have a degree 2 elliptic subcover is a closed subvariety of M 2 . The equation of L 2 is given by Our goal is to express each of the above loci in terms of the theta characteristics. We obtain the following result. Proof. Part i) of the theorem is Lemma 12. Here we give a somewhat different proof. Assume that X is a genus 2 curve with equation
whose classical invariants satisfy Eq. (10). Expressing the classical invariants of X in terms of a 1 , a 2 , a 3 , substituting them into (10), and factoring the resulting equation yields
It is no surprise that we get the 15 factors of Table 1 . The relations of theta constants follow from the table. ii) Let X be a genus 2 curve which has an elliptic involution. Then X is isomorphic to a curve with equation
If Aut(X ) ∼ = D 8 then the SL 2 (k)-invariants of such curve must satisfy Eq. (11) . Then, we get the equation in terms of a 1 , a 2 . By writing the relation a 3 = a 1 a 2 in terms of theta constants, we get θ Proof. Notice that Eq. (9) contains only θ 1 , θ 2 , θ 3 , θ 4 , θ 8 and θ 10 . Using Eq. (7), we can eliminate θ 8 and θ 10 from Eq. (9). The J 10 invariant of any genus two curve is given by the following in terms of theta constants: Since J 10 = 0 we can cancel the factors (θ Remark 16. i) For the other two loci, we can also obtain equations in terms of the fundamental theta constants. However, such equations are big and we don't display them here.
ii) By using Frobenius's relations we get Hence, θ i = 0 for i = 1, 3, 5, . . . 9.
Genus 3 cyclic curves
For genus 3 we have hyperelliptic and non-hyperelliptic algebraic curves. The following table gives all possible genus 3 cyclic algebraic curves; see [5] for details. The first 11 cases are for the hyperelliptic curves and the last 12 cases are for the non-hyperelliptic curves. 
Next we consider the cases 16, 18, 19 from Table 4 .
Case 18: If the automorphism group is C 3 then the equation of X is given by
Let Q i where i = 1..5 be ramifying points in the fiber of 0, 1, s, t, ∞ respectively. Consider the meromorphic function f = x on X of order 3. Then we have (f ) = 3Q 1 − 3Q 5 . By applying the Lemma 19 with P 0 = Q 5 and an effective divisor 2Q 2 + Q 3 we have the following. In order to compute the explicit formula for t one has to find the integrals on the right hand side. Such computations are long and tedious and we intend to include them in further work.
Remark 20. In the case 16) of Table 4 , the parameter t is given by
where [e] is the theta characteristics corresponding to the partition ({1}, {2}, {3}, {4}) and A is a constant; see [8] for details. However, this is not satisfactory since we would like t as a rational function in terms of theta. The methods in [8] do not lead to another relation among t and the thetanulls since the only partition we could take is the above.
It seems possible to generalize such techniques of computing the branch points in terms of the theta functions for any cyclic cover of the projective line. We intend to pursue the ideas of these papers in further work.
